The standard Lichnerowicz comparison theorem states that if the Ricci curvature of a closed, Riemannian n-manifold M satisfies Ric (X, X) ≥ a (n − 1) |X| 2 for every X ∈ T M for some fixed a > 0, then the smallest positive eigenvalue λ of the Laplacian satisfies λ ≥ an. The Obata theorem states that equality occurs if and only if M is isometric to the standard n-sphere of constant sectional curvature a. In this paper, we prove that if M is a closed Riemannian manifold with a Riemannian foliation of codimension q, and if the normal Ricci curvature satisfies Ric ⊥ (X, X) ≥ a (q − 1) |X| 2 for every X in the normal bundle for some fixed a > 0, then the smallest eigenvalue λ B of the basic Laplacian satisfies λ B ≥ aq. In addition, if equality occurs, then the leaf space is isometric to the space of orbits of a discrete subgroup of O (q) acting on the standard q-sphere of constant sectional curvature a. We also prove a result about bundle-like metrics on foliations: On any Riemannian foliation with bundle-like metric, there exists a bundle-like metric for which the mean curvature is basic and the basic Laplacian for the new metric is the same as that of the original metric.
Introduction.
Many researchers have studied relationships between the eigenvalues of the Laplacian and geometric quantities on a Riemannian manifold. For example, the classical Lichnerowicz inequality ( [9] ) states that if the Ricci curvature of an n-manifold satisfies Ric (X, X) ≥ a (n − 1) |X| 2 for some a > 0 for every tangent vector X, then the first positive eigenvalue of the Laplacian satisfies λ ≥ an. Obata's Theorem ( [12] ) states that equality occurs if and only if the manifold is the n-sphere with constant sectional curvature a.
In this paper we generalize these results to the setting of Riemannian foliations. A Riemannian foliation is a foliation F on a smooth n-manifold M such that the quotient bundle Q = T M T F is endowed with a metric whose Lie derivative is zero along leaf directions (see [15] ). Note that one may always choose a Riemannian metric on M that restricts to the given metric on Q ∼ = N F; such a metric is called bundle-like. Perhaps the most obvious generalization of the Laplacian would an operator on basic functions (those constant on the leaves) whose local expression is simply the Laplacian on the local quotient. Such an operator would be well-defined in the category of Riemannian foliations but does not conveniently give rise to a self-adjoint operator on any naturally defined Hilbert space of functions on M . Therefore, a different approach has become standard, which involves choosing a bundle-like metric on M . This new Laplacian, called the basic Laplacian, is essentially self-adjoint on the set of L 2 basic functions, but it depends on the choice of the bundle-like metric 1 . It is interesting to find situations where this operator will give generalizations to known theorems concerning the ordinary Laplacian. For examples of research in this area, see [1] , [6] , [7] , [8] , [11] , [13] , and [18] .
The basic Laplacian on forms is defined as follows. The set of basic forms, Ω * B (M ), is a subspace of smooth forms Ω * (M ) defined by Ω B (M ) = {ω ∈ Ω * (M ) | i (X) ω = 0 and i (X) dω = 0 ∀X ∈ T F} , where i (X) denotes the interior product with X. The exterior derivative maps Ω B (M ) to itself. The basic Laplacian is defined by
where δ B is the adjoint of d on L 2 (Ω * B ). If F is the foliation by points of M , then the basic Laplacian is the ordinary Laplacian. In the more general case, the basic Laplacian and its spectrum provide information about the transverse geometry of (M, F). Since this operator is not a differential operator on the space of all sections of any vector bundle, many of the standard facts about such operators do not easily follow for the basic Laplacian.
For later use, we review the general setup and parts of the proofs of the Weitzenböck formula, the Lichnerowicz inequality, and the Obata theorem in Section 2. In Section 3, we prove the following generalization of the Lichnerowicz inequality. Let (M, F) be a codimension-q Riemannian foliation on a closed, connected Riemannian manifold with a bundle-like metric. Suppose that there exists a positive constant a such that the normal Ricci curvature satisfies Ric ⊥ (X, X) ≥ a (q − 1) |X| 2 for every X ∈ N F. Then the smallest nonzero eigenvalue λ B of the basic Laplacian on functions satisfies
where c κ measures the failure of the mean curvature to be parallel along the leaves of the foliation.
In Section 4, we show a result about mean curvature and bundle-like metrics that may be of independent interest. We show that if (M, F) is a Riemannian foliation with a bundle-like metric g and corresponding mean curvature form κ, then there exists a bundle-like metric g for (M, F) that has the following properties:
1. It induces the same transverse Riemannian structure as the original metric. 2. The L 2 metric on basic forms induced from g is the same as that of g. 3. The basic Laplacian ∆ B corresponding to g satisfies ∆ B = ∆ B . 4. The mean curvature form κ of (M, F) with respect to g is a basic form (c κ = 0). Hence, (1.1) may always be improved to
We remark that it is surprising that a lower bound can be found for λ B that does not depend on mean curvature or volumes of leaves, since the basic Laplacian certainly does.
In Section 5, we consider the case of equality in (1.2), giving a generalization of the Obata theorem to the category of Riemannian foliations. We prove that equality occurs if and only if:
1. The foliation is transversally isometric (see Definition 5.1) to the action of a discrete subgroup of O(q) on the q-sphere of constant curvature a. Thus, there are at least two closed leaves (the poles). 2. If the mean curvature form is basic, then it is zero (the foliation is minimal). 3. Each level set of the λ B eigenfunction is the set of leaves corresponding to a latitude of the q-sphere, and the volume V (r) of this level set is the volume of the maximum leaf L times the volume of the latitude. Finally, we demonstrate the generalized Lichnerowicz and Obata theorems in some examples in Section 6. We demonstrate how these theorems about foliations can be used to prove interesting results about the smallest positive eigenvalue of differential operators on spheres.
Related to this paper is the research in [6] , where the researcher proved that Ric ⊥ (X, X) ≥ a (q − 1) |X| 2 implies that the Riemannian foliation is taut (meaning that there exists a metric for which the leaves are minimal). This implies that the basic projection of the mean curvature form is an exact form. Furthermore, the researcher shows that the transverse diameter 
is the exterior covariant derivative associated to ∇, and let R E be the curvature of the vector bundle (similarly defined). We now define the map R (X, Y ) :
and Ω p (M, E ⊗ T * M ) with the natural pointwise inner products, and both pointwise inner products will be denoted by ·, · . Then the standard Weitzenböck formulas are
where ρ :
This tensor is the restriction
Applying Formula (2.1) to Ω 0 (M, E) , we obtain
Applying Formula (2.1) to Ω 1 (M, E) , we obtain
Given a smooth function f :
Here, if T is a linear transformation on an inner product space, |T | = tr (T * T ) is the standard norm of T . If we let f be a normalized eigenfunction of ∆ with eigenvalue λ, we have that
where we have used the fact any linear transformation L :
, with equality if and only if L is a scalar multiple of the identity. Suppose that for some a > 0, Ric (X, X) ≥ a (n − 1) |X| 2 for every X ∈ T M. Integrating the above inequality over M , we have that
This inequality above is due to Lichnerowicz. Obata proved that equality in the formula above implies that M is isometric to the n-sphere of constant sectional curvature a. See [9] and [12] for the original proofs.
Riemannian foliations and the generalized Lichnerowicz inequality.
Now, consider a codimension-q Riemannian foliation (M, F). Let f : M → R be a smooth basic function. By (2.2), we have that
where Ric ⊥ is the Ricci tensor restricted to the normal bundle and Hess ⊥ is the Hessian restricted to the normal bundle. We have used the fact that df is a basic form, implying that its covariant derivative ∇df (X, Y ) is zero if either X ∈ T F or Y ∈ T F. Note that because M is Riemannian, the normal Ricci curvature tensor, when applied to basic vector fields X, Y ∈ ΓN F, satisfies
If we have that the normal Ricci curvature satisfies
Integrating over M , we have that
Next, recall the following formula from [13] for the basic Laplacian of a basic function g:
where κ is the mean curvature form of the foliation and P :
is the L 2 -orthogonal projection onto basic forms. Also, M g = M P g for any function g, and P α, β = P α, β if β is a basic form and α is any form (see [13] for details). Let the leafwise deviation c κ of the mean curvature of the foliation be
where H is the mean curvature vector field. Observe that c κ measures the failure for the mean curvature vector field to be parallel along the leavesthat is, the failure for the mean curvature form to be a basic form. 
Proof. Let f be a normalized eigenfunction of the basic Laplacian with eigenvalue λ B > 0. By (3.2) and the remarks above,
and the proposition follows.
We next consider the constant c κ . Obviously, if the mean curvature of the foliation is basic, then this constant vanishes. In the next section, we show that the bundle-like metric can be modified so that the mean curvature is basic and so that the basic Laplacian corresponding to the new metric is the same operator as the original basic Laplacian. As a corollary, we get an improvement to the proposition above.
Mean curvature, the basic Laplacian, and bundle-like metrics.
In [4] , the researcher showed that given a Riemannian foliation (M, F) with bundle-like metric g, there exists another bundle-like metric g that induces the same metric on T M T F ∼ = N F and whose mean curvature form κ is basic. Moreover, as explained in [1] and [4] , a given bundle-like metric on a Riemannian foliation may be deformed -by multiplying the metric along the leaves by a positive function or by making a different choice of the subbundle N F -to get any possible mean curvature form. In fact, the mean curvature only depends the normal bundle N F and the leafwise metric, so that it would not change if the transverse Riemannian structure were modified. Let (·, ·) and (·, ·) denote the pointwise inner products of forms for any two bundle-like metrics g and g that induce identical metrics on T M T F, and let ·, · and ·, · be the corresponding L 2 inner products of forms. In what follows, let p denote the dimension of the foliation and q = n − p the codimension. For any two basic forms α and β,
where, for example, 
(T M T F)
* are the same and thus that ν = ν.
The following result concerns the basic Laplacians of g and g .
Proposition 4.1. Let g and g be any two bundle-like metrics on the Riemannian foliation (M, F) that induce identical metrics on T M T F, and let δ B and δ B be the adjoints of d B with respect to the L 2 metrics on forms induced from g and g , respectively. Then there exists a positive, smooth, basic function ψ such that
for any smooth basic form β.
Proof. Given any smooth basic forms α and β, by (4.1) we have that
is the orthogonal projection with respect to the original metric g. We have use the following facts for Riemannian foliations (see [13] ):
1. (dα, β) is a basic function, 2. f dV = P (f ) dV for any L 2 function f , and 3. P (ηω) = ηP (ω) if η is any L 2 basic function and ω is any L 2 function. Let ψ = P e φ , which by the results of [13] is a smooth, positive, basic function. We then have that 
The mean curvature form κ of (M, F) with respect to g is a basic form.
Proof. By the results of [4] , there exists a bundle-like metric g for (M, F) such that the mean curvature κ is basic and that induces the same metric on (T M T F) as that from the metric g. By Proposition 4.1 and its proof, the new L 2 metric ·, · and basic adjoint δ B satisfy the following for any smooth basic forms α, β, γ.
for some fixed, smooth, positive, basic function ψ. Next, we modify the leafwise metric from g by multiplying it by ψ −2/p to get the new metric g. Observe that χ ∧ ν = 
Thus, g induces the same transverse Riemannian structure, the same L 2 metric on forms, and the same basic adjoint of d B as the original metric g. Therefore, the basic Laplacian on basic forms that in induced from g is the same operator as that coming from the original metric. Next, by Rummler's formula dχ = −κ∧χ+ϕ 0 (see [16] , [18] , [1] , [13] ), it is easy to see that the mean curvature of (M, F) with respect to the metric g satisfies κ = κ + 1 ψ dψ, which is the sum of two basic one-forms. In [13] , the researchers showed that the basic Laplacian on functions is the restriction of the ordinary Laplacian on functions if and only if the mean curvature of the Riemannian foliation is basic. We then have the following: Observe that the trivial foliation by points yields the standard Lichnerowicz Theorem λ ≥ an. Note that the mean curvature and volumes of the leaves do have an effect on the basic Laplacian and its eigenvalues, so it is somewhat surprising that a condition on the transverse geometry alone is enough to give a lower bound for the first positive eigenvalue of the basic Laplacian.
The generalized Obata theorem for Riemannian foliations.
Suppose we have the case of equality in Theorem 4.4. We may assume that the mean curvature is basic, because of Corollary 4.2. In light of (3.3), the basic Laplacian on functions is the restriction of the ordinary Laplacian ∆ to basic functions, so that λ B is an eigenvalue of ∆ as well.
Next, we follow the line of reasoning in [2, p. 84] . We consider the proof of Proposition 3.1. Equality implies that (tr(Hess
that there exists a smooth basic function φ such that Hess
where P N F : T M → N F denotes the obvious projection. For any unit speed geodesic γ : (α, β) → M that is normal to the foliation,
In particular, if p ∈ M is either a global maximum or minimum of f on M , then
for any ξ ∈ N p F. This implies that the normal exponential map exp ⊥ p :
Suppose a global maximum is achieved at that p ∈ M ; the formula above implies that the maximum is isolated to the (closed) leaf containing p; similarly, global minima are isolated to closed leaves. Choose a closed leaf L corresponding to a global maximum and a closed leaf L corresponding to a global minimum, and connect them by a minimal, unit-speed geodesic γ that is therefore normal to the foliation. By applying (5.1) to γ, we must have that the maximum and minimum values of f are opposites. Assuming γ (0) = p ∈ L, we have that the normal exponential map exp ⊥ p maps the sphere of radius π/ √ a to L , because this global minimum must be isolated. We observe that because the distance between a point of one leaf to another leaf of a Riemannian foliation is independent of the original point chosen, the above discussion is independent of p ∈ L (the fact that this is true for nearby leaves is standard; see [8] for the more general result). Because the normal exponential map is surjective (see, for example, [8] ),
Recall that the holonomy group of a closed leaf of a Riemannian foliation is isomorphic to a discrete subgroup of O (q), and its action on normal balls is determined by its action on the normal space at a point of the leaf (see [10] ). We conclude that the space of leaves is homeomorphic to the quotient of a topological q-dimensional sphere S by a discrete subgroup G of O (q) (thought of as acting on N p F or the tangent space to a pole of the sphere), since the leaf space is B π/ √ a (p) S π/ √ a (p) modulo holonomy at p. We now put a metric on the S using the metric on the normal bundle of the foliation. Choose a sufficiently small neighborhood U of p so that the foliation restricted to p∈U B π 
(p). Letting p be the global minimum of f , we may go through the same argument to obtain a metric on S with the property that Ric S (X, X) ≥ a (q − 1) |X| 2 for every X ∈ T S. We conclude that the space of leaves is isometric (as a metric space) to the quotient of a topological q -dimensional sphere S by a discrete subgroup G of O (q) that acts by isometries.
Even more is true. First, we make the following definition. 
the smallest Dirichlet eigenvalue λ 1 for the complementary hemisphere satisfies λ 1 ≤ aq. Letting λ (S) denote the smallest positive eigenvalue of the Laplacian on S, the Rayleigh min-max method gives
On the other hand, the standard Obata Theorem implies that λ (S) ≥ aq, so that λ (S) = aq. The case of equality in the standard Obata Theorem then implies that S is isometric to the q-sphere of constant curvature a. Moreover, √ g (r, ξ) = Θ (r).
To prove (5.1), observe that the induced Laplacian on functions in the local quotient manifold in a Riemannian foliation is the operator
where * is the Hodge star operator in the local quotient and is discussed in [18] ; the operator ∆ S is not necessarily self-adjoint as an operator on basic functions on M . The basic Laplacian (in the case of basic mean curvature) satisfies
for any basic function g (see [13] ). Note that κ # is the (basic) mean curvature vector field. Thus, ∆ S coincides with ∆ B if and only if the basic projection of the mean curvature of the foliation is zero. In our case we only have that
so that κ # (f ) = 0. Thus κ # is tangent to the level sets of the first basic eigenfunction.
By the results in [6] , the lower bound on normal Ricci curvature implies that the foliation is taut, so that the basic mean curvature form is an exact form, so that κ = dh for some basic function h. Observe that we may connect the maximal leaf L to any other leaf L by a normal geodesic γ that is orthogonal to the level sets of f . Integrating ∇h along γ yields zero because κ # = ∇h is tangent to the level sets of f . Therefore, we conclude that h is a constant function, so that κ = 0. This proves (5.1).
We now prove (5.1). Observe that since the mean curvature form is basic, the basic Laplacian is the restriction of the ordinary Laplacian, as we mentioned previously. We have that ∆f = aqf, and f is a function of r alone, where r is the distance from the maximum leaf L. Writing the Laplacian acting on functions of r alone, we have that
The normal Ricci curvature of (M, F) is precisely the Ricci curvature of S q 1 a and thus satisfies
for every nonzero vector X in N F. The mean curvature of the foliation is zero, so the basic Laplacian is a restriction of the ordinary Laplacian on M . Thus, the basic Laplacian is a restriction of the Laplacian on the sphere S q 1 a . Also, the (q + 1) −coordinate function y q+1 is constant on the leaves and is an eigenfunction of the sphere's Laplacian with the lowest positive eigenvalue aq. Thus, λ B = aq, and the foliation is transversally isometric to S q 1 a im (φ). This is an example of the setting of Theorem 5.1.
Observe that we may modify the metric along the leaves in the example above without changing the Ricci curvature bound. If we modify it so that the volume of each leaf does not change, we remain in the situation of Theorem 5.1; the basic Laplacian does not change as an operator on basic functions. However, if we modify the metric by multiplying the leafwise metric by a smooth function (whose average is not one), the basic Laplacian does change as an operator to
where ψ is a positive, smooth, basic function, as in Proposition 4.1. Note that ψ has no effect on the normal Ricci curvature. Applying this result to a simple foliation yields an interesting result about differential operators on spheres.
Example 6.2. Let S q 1 a be the standard q-sphere of radius 
